We study the spectral tilt of primordial perturbations in Hořava-Lifshitz cosmology. The uniform approximation, which is a generalization of the familiar Wentzel-Kramers-Brillouin (WKB) method, is employed to compute the spectral index both numerically and analytically in a closed form. We clarify how the spectral index depends on the inflation model and parameters in the modified dispersion relation.
in the early universe, which results in scale-invariant scalar field perturbations. In contrast to the standard mechanism, the spectrum in Mukohyama's scenario does not depend on the Hubble rate explicitly but is determined only through some model parameter. Therefore, the new mechanism liberates inflation models from those with a very flat potential. In Mukohyama's scenario, the dispersion relation which is not exactly of the form ω 2 ∝ k 6 will break the scale-invariance. In this paper we compute a slightly tilted spectrum of quantum fluctuations generated in HL cosmology, evaluating accurately the spectral index by means of the uniform approximation [17, 18, 19] . The uniform approximation is a generalized Wentzel-Kramers-Brillouin (WKB) method, which is mathematically controlled and systematically extendable. To the best of the authors' knowledge, the uniform approximation has not been used so far for models with modified dispersion relations. We consider a power-law/slow-roll inflationary background in HL cosmology, which provides a transparent example that allows for analytical and numerical calculations. Although our primary motivation comes from HL cosmology, we believe that the approach presented in this paper has a wide range of applications in different scenarios of cosmology.
II. UNIFORM APPROXIMATION
We consider a quantum field whose Fourier coefficients obey the equation of motion,
where the prime denotes the differentiation with respect to conformal time η, a(η) is the scale factor, and k 2 eff (η) is the effective frequency [3, 10] . The field ϕ k will be a gravitational wave (multiplied by the scale factor) [3] and a scalar field perturbation (multiplied by a scale factor) [10] . Following the prescription of the uniform approximation [17, 18, 19] , we rewrite the above equation as
where we defined
and q(η) = −1/4η 2 , which guarantees the convergence of the approximation. This method provides a single approximate solution
, where + for η >η, − for η <η, respectively, andη, which corresponds to the effective horizon-crossing time, is defined by g(η) = 0, and Ai(z) and Bi(z) are the Airy functions.
Choosing α k = π/2 and β k = −i π/2, the mode function ϕ k is made to satisfy the Wronskian normalization condition
Using the asymptotic formula of the Airy function Ai(z) ≃ (2 √ π)
3/2 /3 and Bi(z) ≃
3/2 /3 for |z| → ∞ with −π < argz < π, we find the asymptotic formula of the mode function after the horizon crossing:
Thus, we finally obtain the power spectrum
, and the spectral index of the quantum fluctuations can be estimated from d ln P ϕ (k, η)/d ln k, which leads to
This provides a closed formula for the spectral index. Note, however, that this formula cannot be used for the cases in which the fluctuations reenter the horizon and the horizon crossing takes place again.
III. POWER-LAW INFLATION
For simplicity, let us consider power-law inflation [20] , for which a(t) ∝ t 1+n in terms of proper time t and a(η) = 1/(−H * η) 1+1/n in terms of conformal time η (−∞ < η < 0), with n > 0. We first study a simple case,
In this case, it is easy to find the superhorizon behavior in the uniform approximation:
, where A defines the typical amplitude of the fluctuation.
In the de Sitter limit n → ∞ with the usual dispersion relation µ = 0, we have A = H * . For µ = 2 we find A = M , and thus the result of [10] is reproduced. Fortunately, for the dispersion relation (6), Eq. (1) can be solved exactly, and so we can compare the exact result with the approximate one. The appropriately normalized solution to Eq. (1) is given by
where
is the Hankel function of the first kind and y(η) := 0 η k eff (η 1 )dη 1 . This then implies that |ϕ k | = C|ϕ exact | at η ≈ 0, where C := √ 2πe −ν ν ν−1/2 /Γ(ν). In the de Sitter limit, n → ∞, for µ = 0 we find C = 3 √ 2e −3/2 ≃ 0.95, while for µ = 2 we have C = 2/e ≃ 0.86 irrespective of n. It is important to note that C gives rise to a k-independent correction to the amplitude, and therefore this does not affect the computation of the spectral index. The exact result and the approximate one are compared in Fig. 1 in the case of µ = 2. Now we are in position to study the spectral index for the above model. Eq. (5) or (7) gives
which leads to the scale-invariant spectrum n ini = −3 when µ = 2, as expected [10] . The result (9) is consistent with what was obtained in a different way by matching two asymptotic solutions at horizon crossing [15] . Since the slow-roll parameter ǫ (:= −H ′ /aH 2 ) is explicitly given by ǫ = 1/(1 + n) for power-law inflation, Eq. (9) can be written as n ini + 3 ≃ −ǫ(2 − µ)/(1 + µ) to leading order in the slow-roll parameter. One can confirm that this reproduces the standard result for µ = 0. Note also that n ini approaches −3 in the limit n → ∞ (ǫ → 0) irrespective of the value µ. This means that in order to break the scale invariance of the primordial spectrum we need the background universe which is not exactly de Sitter and µ = 2.
Next, let us study the case of HL cosmology, for which
In the case of gravitational waves, α 1 is non-zero [3] , while α 1 = 0 for a scalar field [10] . For this dispersion relation Eq. (5) reduces to
1/(1+n) and we defined a new variable z by −H * η = (M z/k) n/(1+n) . The prime in Eq. (11) stands for the differentiation with respect to z. The upper limit of integrationz satisfies Figure 2 shows the contour of n ini in the κ and 1/n plane, obtained from a numerical integration of Eq. (11). The parameters are given by α 1 = 0 and α 2 = 1 for the left panel, which corresponds to a scalar field perturbation of [10] , α 1 = 2, α 2 = 1 and α 1 = −2, α 2 = 1, respectively, for the center and right panels. The latter two cases correspond to chiral gravitational waves analyzed in [3] .
The result is understood in an analytic way as follows. One can recast the expression (10) in k 2 eff ∝ k 2+2µ(η,k) , where µ(η, k) = (1/2)d ln f /d ln z, and so µ is dependent on η and k only through z. For the case κ ≪ 1, the solution to Eq. (12) is such thatz ≫ 1, and thus we havez
. Then, Eq. (9) gives
This result applies to the case where the horizon crossing occurs in the UV regime, k 2 eff ∼ k 6 . While, for the case κ ≫ 1, the solution to Eq. (12) is given byz ≪ 1, which corresponds to the case where the horizon crossing takes place in the infrared (IR) regime, k 2 eff ∼ k 2 . In this case, we may writez ≃ [κ −1 (n −1 + 3/2)] (1+n)/n and µ(k,η) ≃ α 2z 2 + (3/2)α 1z 3 . Then, Eq. (9) yields
The approximate formula reproduces the qualitative behavior of the numerical result. The above results suggest that we must require small κ ( 1) or large n ( 10), in order to have a spectrum that is almost scale-invariant but slightly deviated from the scale-invariant one. Note that κ = 10
The sign of α 1 signals different chiral modes of primordial gravitational waves [3] , and hence the spectral tilt of the gravitational waves is different for right-handed and left-handed modes. The above result shows explicitly the dependence of the spectral index on model parameters. Our result also gives a hint on the scenario of [10] , in which quantum fluctuations of a scalar field can be the origin of curvature perturbations by promoting the former to the latter, e.g., via the curvaton mechanism [21] .
IV. SLOW-ROLL INFLATION
Let us move on to more general slow-roll inflation models. We continue to study Eq. (1), but now with
Here, E is some general function whose explicit form depends on the problem under consideration: E = −ǫ/2 for a tensor perturbations and a scalar field perturbation in the slow-roll regime; E ≃ ǫ − 3δ/2, where δ (:= −φ/Hφ) is another slow-roll parameter, for a scalar perturbation in conventional slow-roll inflation models, where φ is the inflaton field and the dot denotes the differentiation with respect to the proper time. However, a further careful investigation is necessary for a scalar (curvature) perturbation in HL cosmology. For example, the k 6 term in the dispersion relation disappears under the assumption of the detailed balance condition, according to the prescription of Ref. [14] . References [7, 16] investigate a different case without the detailed balance condition but with the projectability condition.
Assuming the dispersion relation (6), a similar calculation for the right hand side of Eq. (5) yields n ini + 3 ≃ −(3ǫ)/(1 + µ) + ǫ/3 − 4E/3 to lowest order in the slowroll parameters, where we assumed that E is of order of the slow-roll parameters and used the relation η ≃ 1/[−Ha(1 − ǫ)]. In the case of µ = 0, the well-known result is reproduced for the tensor and scalar perturbations. Similarly to the above, we can also derive formulas for the dispersion relation (10) . Hereafter, we definez by the root of f (z) = (H 2 /z 2 M 2 )(9/4 + 2E − ǫ/2), whereH is the value of H at the horizon-crossing time. For the case M/H ≪ 1, we findz ≃ (3H/2M ) 1/3 ≫ 1 and
while for the case M/H ≫ 1 we havez ≃ (3H/2M ) ≪ 1 and One can check that these results are consistent with those of the power-law inflationary background with large value of n + 1 (= 1/ǫ), by taking the expression for the gravitational waves and the scalar field, i.e., E = −ǫ/2. In [3] , it was pointed out that the evolution of primordial gravitational waves is different depending on the parity mode. From Eqs. (16) and (17), the difference of the spectral index is given by
.
The difference might not be negligible for M/H ≪ 1, which corresponds to the case where the horizon crossing takes place in the UV regime (k 2 eff ∼ k 6 ). However, the difference is small for M/H ≫ 1, which is the case where the horizon-crossing occurs in the IR regime (k 2 eff ∼ k 2 ). If we assume a scenario of Hořava-Lifshitz cosmology, one can predict the signal of gravitational waves, to be compared with observations (e.g., Ref. [22] ). Now we consider curvature perturbations in the scenario of [10] by setting α 1 = 0 and E = −ǫ/2. Provided that the spectral tilt of scalar field perturbations is directly translated into that of curvature perturbations, we have
The CMB measurement by the WMAP satellite and LSS of galaxies provide a stringent constraint on the primordial spectral index. For example, the WMAP team reported n ini + 3 ∼ −0.04 ± 0.013 based on the ΛCDM model [23] , combined with Ia supernovae observations. This gives a constraint on the inflation model and the parameters in the scalar field Lagrangian, assuming that the almost scale-invariant spectrum we observe is originated from the Hořava-Lifshitz scalar field [10] .
V. CONCLUSIONS
In this paper, we have studied the spectral tilt of quantum fluctuations in HL cosmology, employing the uniform approximation. In the power-law inflationary background we have obtained the spectral index numerically and analytically. The deviation from the scale invariant spectrum is described by the parameters α 1 and α 2 of the model, as well as the background evolution, i.e., n. The case of a general slow-roll inflationary background was also investigated. In order for Mukohyama's scenario [10] to be successful, the spectral index, given in terms of the model parameters by Eq. (19) , is required to be ∼ −0.04.
